Abstract. We provide linear lower bounds for the signature of positive braids in terms of their length and their first Betti number, respectively. This yields linear bounds for the topological 4-ball genus of knots that are closures of positive braids.
a i a j = a j a i for |i − j| ≥ 2 and a i a j a i = a j a i a j for |i − j| = 1.
A positive braid on b strands is an element β in B b that can be given by a positive braid word a s 1 a s 2 · · · a s l with s i ∈ {1, · · · , b − 1}, where l, which is independent of the choice of a positive braid word for β, is called the length of β. The signature σ(β) of a braid β is the signature, introduced by Trotter [Tro62] , of the link obtained as the (standard) closure of β. There are different sign conventions for the signature in the literature, we adapt the convention of [Rud82] , which is such that, for example, the signature of the positive trefoil knot, which is the closure of the 2-strand braid a 1 a 1 a 1 , is 2 rather than −2. The first Betti number of a link L is defined to be the smallest first Betti number of Seifert surfaces for L. For a braid β, we denote by b 1 (β) the first Betti number of the closure of β. Here, a Seifert surface for a link L in R 3 is a possibly non-connected, oriented, embedded surface with oriented boundary L. Seifert surfaces that minimize the first Betti number are called minimal Seifert surfaces. The genus of a knot is half its first Betti number.
A priori, the first Betti number of a link is difficult to calculate because it is defined via a minimizing process, whereas the signature is combinatorially calculable. But for positive braids, b 1 is fully understood since Bennequin's inequality [Ben83] provides the following formula.
(1) b 1 (β) = l(β) − b + c for every positive braid β, where l(β) is the length of β, b is the number of strands of β, and c the number of components of the closure of β that can be separated by spheres, i.e. c equals 1 plus the number of generators a i that are not used in a positive braid word for β.
In this paper we try to relate b 1 and the signature for positive braids. One can restrict considerations to braids with c = 1 because the signature and the first Betti number are additive on disjoint unions of positive braids.
By the definition of the signature, see Section 4, one has −b 1 ≤ σ ≤ b 1 . Rudolph showed that the signature is strictly positive for nontrivial positive braids [Rud82] , and Stoimenow provided a monotonically growing function f : N → R ≥0 of order n 1 3 such that σ(β) ≥ f (b 1 (β)) [Sto08] . By a result of Murasugi half the signature is a lower bound for the topological 4-ball genus [Mur65] . Thus, Stoimenow's result shows that the topological 4-ball genus of knots that arise as the closure of positive braids grows monotonically in terms of their genus. In the stronger, smooth setting much more is known. Namely, on positive braids the smooth 4-ball genus and smooth 4-ball first Betti number even agree with genus and b 1 , respectively, by Rudolph's sliceBennequin inequality [Rud93] , which is based on the Thom conjecture as proved by Kronheimer and Mrowka [KM93, Corollary 1.3].
All that follows is motivated by the following conjecture.
Conjecture. For all nontrivial positive braids β, the signature is linearly bounded as follows
We provide a linear lower bound with a factor, which is smaller than .
We prove this via studying the asymptotic signature. Gambaudo and Ghys observed that on the b-strand braid group the signature is a quasimorphism of defect b − 1, i.e. for any two b-braids α, β we have
Therefore, the homogenization
called the asymptotic signature of β, is well-defined. Noting that
we see that the above Conjecture implies the following homogenized analog.
Conjecture. For all positive braids β, the homogenization of the signature is linearly bounded as follows
We provide such a linear bound, but our factor is [Sto08] . The case b = 4 is our main concern in this text and the following is our main result. Our interest in Theorem 4 stems from the fact that it implies Theorem 1 and Theorem 3. Namely, Theorem 3 follows immediately from Theorem 4 and the following observation, which we prove at the end of Section 4.
Lemma 5. Let C be a positive constant such that σ(β) > Cb 1 (β) (respectively σ(β) ≥ Cl(β)) holds for all nontrivial positive b-braids. Then
holds for all nontrivial positive braids β.
Remark 6. Lemma 5 remains true when the strict inequalities are replaced by inequalities.
The upshot of Theorem 4 is that it provides a bound with a factor that is strictly bigger than 2. From asymptotic signature to signature. In this section we provide consequences of Theorem 4 for the signature, including a proof of Theorem 1.
Having a linear bound σ ≥ Cb 1 for all positive braids of index b or less yields a bound σ ≥ Cl for all positive braids of index b or less. The converse is true, if one allows a mistake of adding an additive constant.
Lemma 7. Let C be a positive constant such that
for all positive b-braids β. Then, for every positive b-braid β, we have
Lemma 7 is an immediate consequence of the fact that the signature and its homogenization stay close. Namely, for every β in B b , we have for all nontrivial positive 4-braids, see Proposition 16, which can be written as σ(β) ≥
for all positive 4-braids with b 1 ≤ 25.
If one were able to strengthen Theorem 4 to a true linear bound for the signature with factor 3. Minimal Seifert surfaces and fence diagrams. In this section we recall how to switch between three ways of viewing positive braids; namely, by their braid diagrams, by their associated minimal Seifert surface, which is unique since positive braids are fibered, 1 and their fence diagrams. When drawing braid diagrams for a braid a i 1 a i 2 · · · a i l , we start with the leftmost generator, then draw the second generator on top, and so one. For example, the positive 3-braid a 1 a 2 is , where a 1 = and a 2 = .
We orient all strands of braids in the same direction, say upwards, and closures of braids are oriented accordingly. Since in a diagram associated with a positive braid word all crossings are positive, replacing every crossing with a horizontal line still allows one to describe positive braids. This yields fence diagrams of positive braids as depicted in Figure 1 , see [Rud98] . A nice feature of fence diagrams is that the fence diagram of a positive braid β, seen as a planar graph, is a deformation retract of the minimal Seifert surface of the closure of β. In particular, b 1 of a positive braid is equal to the first Betti number of the corresponding fence diagram. We feel that all the above becomes very clear by considering an example. Figure 1 1 a 2 a 1 a 3 a 2 a 2 a 1 a 3 . the minimal Seifert surface of the closure, for one positive 4-braid word. In what follows we depict positive braids using fence diagrams.
As there are several positive braid words for most positive braids, there are also several fence diagrams. Two fence diagrams for the same positive braid are related by moves corresponding to the braid relations. The relation a i a j = a j a i for |i − j| ≥ 2 is incorporated by looking at fence diagrams up to planar isotopy, e.g. = = . The braid relation a i a j a i = a j a i a j for |i − j| = 1 corresponds to the move = .
4. Signature of links and braids. In this section we recall the definition and properties of the signature. Also, we prove Lemma 5. The signature of a link L in R 3 is defined as follows. Choose any Seifert surface F for L and define a bilinear form S : H 1 (F )×H 1 (F ) → Z on the first homology group of F as follows. The form S assigns to two (classes of sums of) curves γ, δ in F the value of the linking number of γ with a curve in R 3 \F that is obtained by moving δ a small amount along the normal vector field of F . Writing S in a basis for H 1 (F ) yields a Seifert matrix B for L. The number of negative eigenvalues minus the number of positive eigenvalues of the symmetrization of B (interpreted as a matrix with coefficients in R) yields a link invariant, the signature, see [Tro62] and [Mur65] .
The signature is additive on disjoint and connected sums 2 of links.
Lemma 11. If a link L is a disjoint sum or a connected sum of links
2 The connected sum L of links with more than one component is only well-defined if one specifies which components to connect, but all possible resulting links L have the same signature.
Lemma 11 follows from the fact that the direct sum of Seifert matrices A i for L i provides a Seifert matrix A = ⊕ k i=1 A i for L. The fact that deleting the first row and the first column of a symmetric matrix changes its signature by at most ±1 yields the following Lemma, which is crucial in this text.
Lemma 12. If a Seifert surface F for a link L is obtained from a Seifert surface F ′ for a link L ′ by adding or deleting a 1-handle, then
Let us now discuss properties of the signature of braids. Firstly, if we permute braids cyclically, then they have the same closure and thus the same signature, i.e. let β = a
has the same closure and thus the same signature as β. If we add or delete a generator in a braid word, then the signature of the corresponding braid changes by at most ±1; this is a consequence of Lemma 12. As mentioned in the introduction, σ is a quasi-morphism on the b-strand braid group. Remark 15. If α or β can be written as a braid without one or several generators a i , then the statement of Lemma 13 is true with defect strictly smaller than b − 1. Namely,
In particular, if α, β ∈ B b , then
Before using the above on positive 4-braids to prove Theorem 4, we prove Lemma 5.
Proof of Lemma 5. We only prove the statement for σ, the proof for σ is similar. Let β be a nontrivial positive braid in some B n . Without loss of generality c(β) = 1, i.e. every generator a i with 1 ≤ i ≤ n − 1 is contained in β at least once. Denote by β(i) with i ∈ {1, 2, · · · , b} the braid obtained from β by deleting all but one a k for all k = i mod b. As b 1 (β) = 
5. Signature of positive 4-braids. In this section we provide a Note that for b 1 > 21, Proposition 16 follows from Corollary 8. We provide a complete proof, which is independent of Corollary 8.
Proof of Proposition 16. Let β be a positive 4-braid and choose a positive braid word w = a i 1 a i 2 · · · a i l for β or cyclic permutations of β such that the number of a 2 in this braid word is minimal among all possible such positive braid words. Without loss of generality we assume that w does contain all three generators a i at least once. Also, we may assume (by cyclic permutation) that the first two letters of w are not a 2 , e.g. we consider a 1 a 1 a 3 a 2 a 2 = instead of a 2 a 1 a 1 a 3 a 2 = . Let B 1 , · · · , B n be the blocks of consecutive a 2 and k i the number of a i in w. Of course k 2 ≥ n, and by the assumptions on w we have at least two generators between two consecutive B i , which yields k 1 + k 3 ≥ 2n. Therefore,
We first show σ(β) ≥ 1 3 b 1 (β). Let β ′ denote the braid obtained from β by removing B 2 , B 3 , · · · , and B n . By Remark 15 we have
The closure of β ′ is a connected sum of the torus links T (2, k 1 ), T (2, l(B 1 )), and T (2, k 3 ). This yields σ(β ′ ) = k 1 − 1 + k 3 − 1 + l(B 1 ) − 1 by Lemma 11.
Therefore,
where in the last line (4) and b 1 (β) = k 1 + k 2 + k 3 − 3 are used. We observe that if inequality (4) is a strict inequality, then the above calculation proves σ(β) > = n, which implies that the inequalities k 2 ≥ n and k 1 + k 3 ≥ 2n are equalities. Therefore, the blocks B i consist of a single a 2 and in w we have exactly two generators between two consecutive B i . We write w as a i 1 a j 1 a 2 a i 2 a j 2 a 2 · · · a in a jn a 2 , for some i l , j l in {1, 3}.
Since β is nontrivial we have k 2 = n ≥ 2. Removing all but the last two a 2 in w yields a positive 4-braid β ′′ with
The braid β ′′ equals a i 1 a j 3 a 2 γa 2 with i + j = 2n − 2 and γ = a 1 a 3 , a 2 1 , or a 2 3 . These braids have σ = b 1 , which is seen as follows. The closure of a i 1 a j 3 a 2 a 1 a 3 a 2 with i+ j = 2n − 2 is the torus link T (2, 2n), for which σ = b 1 . The closure of a i 1 a j 3 a 2 a 1 a 1 a 2 is a connected sum of the torus link T (2, j) and the closure of the 3-braid a i 1 a 2 a 1 a 1 a 2 , which both satisfy σ = b 1 . Similarly, the closure of a i 1 a j 3 a 2 a 3 a 3 a 2 is a connected sum of the torus link T (2, i) and the closure of the 3-braid a j 1 a 2 a 1 a 1 a 2 . Using σ(β ′′ ) = b 1 (β ′′ ) and Lemma 12 we calculate
The strategy for the proof of Theorem 4 is the following. To a braid β we add roughly The braidβ will be obtained from β using the following Lemma.
Lemma 17. Let B a length 4 positive 4-braid. If B is not a 2 a 1 a 1 a 2 = or a 2 a 3 a 3 a 2 = , then one can add two generators to B such that it becomes ∆ = a 1 a 3 a 2 a 1 a 3 a 2 = , L = a 1 a 2 a 3 a 1 a 2 a 3 = , or R = a 3 a 2 a 1 a 3 a 2 a 1 = .
Here, 'adding a generator to a positive braid β' means choosing some positive braid word for β and then adding a generator a i somewhere in this word.
Proof. We assume that B is represented as a braid word such that the number of a 2 in B is minimal, e.g. a 2 a 1 a 2 a 1 = is not considered because it represents the same braid as a 1 a 2 a 1 a 1 = . We group all possible B according to the number of a 2 contained in B and proceed case by case. Cases are only consider up to rotations and reflections. Newly added generators are marked in red.
• The braids of length 4 with no a 2 are , , and .
In we first add one a 2 to get = and then add a a 3 to get = = = L. In the other cases we add two a 2 as follows.
= L and = ∆.
• The following are all B with one a 2 . We have always indicated how to add two generators (red) yielding L, R, or ∆. = L, = L, = L, and = L
• If B contains two a 2 , but is not a 2 a 1 a 1 a 2 = or a 2 a 3 a 3 a 2 = , then it is one of the following (as before it is indicated which generators to add).
= L, = ∆, = ∆, = ∆ and = L.
• Finally, there are only two B with 3 or 4 a 2 . Namely, = L and = L.
Proof of Theorem 4. Let β = a i 1 a i 2 · · · a i l be a positive 4-braid of length l. We fix a natural number n that is a multiple of 4 and study β n , which is a braid of length nl. 
